Beam-beam interaction constraints modify the basic plasma density scalings for a linear collider based on laser-plasma accelerators. In the quantum beamstrahlung regime, it is shown that operating at low plasma density increases beamstrahlung effects, owing to the higher bunch charge and longer bunch length. At high plasma density, the bunch charge is limited by beam loading, and the required power is proportional to the square root of the plasma density. At low plasma density the bunch charge is limited by beamstrahlung, which, for fixed luminosity, requires operation at higher laser repetition rate and, hence, higher power requirements, or the use of multi-bunch trains. If round beams are used in a multi-bunch train format with fixed beam loading, and the collider is constrained by beamstrahlung, then the required collider power is independent of plasma density.
I. INTRODUCTION
Advanced acceleration techniques are actively being pursued to expand the energy frontier of future colliders. It is anticipated that the next lepton collider will require 1 TeV center-of-mass energy [1] . This center-of-mass energy is near the limit of what can be constructed using conventional accelerator technology, given reasonable space and cost restrictions [2] . Laser-plasma accelerators (LPAs) have attracted significant interest as an accelerator technology because of their ability to sustain extremely large acceleration gradients, enabling compact accelerating structures [3] . Laser-plasma acceleration is realized by using a short-pulse, high-intensity laser to ponderomotively drive a large electron plasma wave (or wakefield) in an underdense plasma. The electron plasma wave has relativistic phase velocity, and can support large electric fields in the direction of propagation of the laser. Rapid progress in the field of laser-plasma acceleration, and in particular the demonstration of high-quality GeV electron beams using cm-scale plasmas at Lawrence Berkeley National Laboratory [4] , has increased interest in laser-plasma acceleration as a path toward a compact, TeV-class, electron-positron linear collider [5, 6] .
The basic plasma density n and laser wavelength λ scaling laws for a laser-plasma-based linac were presented in Ref. [6] . These scaling laws were derived under the assumptions of fixed final focusing to the interaction point (IP), fixed efficiency of the energy conversion, and a fixed center-of-mass energy and luminosity required for high-energy physics experiments.
One of the conclusions of Ref. [6] was that the total required power for the collider scaled as P wall ∝ √ n, where n is the ambient plasma density. Recently, a low density operating regime for a laser-plasma collider has been emphasized in Ref. [7] with a nominal operating density near 10 15 cm −3 . The reason for emphasizing this low density operating regime is that, as implied by the scaling laws derived in Ref. [6] , operating at a density of 10 15 cm −3
lowers the required collider power by an order of magnitude as compared to operating at a density of 10 17 cm −3 (as well as lowering the accelerating field by an order of magnitude, and increasing the required laser pulse energy by three orders of magnitude). Although this scaling indicates lower densities are favorable for reduced power requirements, additional constraints may modify this basic scaling. In this work we examine the additional constraint, imposed by experimental high-energy physics, of fixed beamstrahlung induced beam energy loss and photon emission. When operating at sufficiently low plasma density, the constraint 2 of fixed beamstrahlung strongly modifies the basic plasma density scalings. In particular, the scalings for the required power imply that it is no longer advantageous to operate at low density (∼ 10 15 cm −3 ) as opposed to more moderate densities (few 10 16 cm −3 to a few
Although many components of a LPA-based electron-positron collider, such as the injector and final focus design, are yet to be determined, scaling laws based on fundamental physical considerations may be derived. In this work we show how beam-beam interaction constraints, that are strongly manifest when operating at low plasma density, modify the basic plasma density scalings and, hence, the LPA-collider design. We show that, for round beams at low plasma density, the bunch charge is limited by beamstrahlung effects.
Furthermore, to maintain reasonable efficiency, one must consider multi-bunch operation in this beamstrahlung-limited regime. Using bunch trains and optimal beam loading, the required AC power is shown to be independent of plasma density and laser wavelength in the beamstrahlung-limited regime. We also discuss how laser technology may influence the optimal operating regime for an LPA-based collider.
II. BEAMSTRAHLUNG CONSIDERATIONS
The rate of events in a collider is determined by the product of the collision cross section and luminosity. The geometric luminosity is
where f is the collision frequency, N is the number of particles per bunch (here equal number of particles per bunch in the electron and positron beams is assumed), σ * x and σ * y are the horizontal and vertical rms beam sizes at the IP, U cm = 2γm e c 2 = 2U b is the center-of-mass energy with U b the single beam energy, and P b = f NU b is power in one beam. Since the cross section for collisions scales as the inverse of the square of the center-of-mass energy,
cm , the luminosity must increase proportionally to maintain the collision rate. 
where α = e 2 /c is the fine structure constant and σ z is the bunch length. As Eq. (2) indicates, using flat beams σ * x /σ * y ≪ 1 reduces the beamstrahlung. Although, in principle, beams with highly asymmetric transverse emittances ǫ x ≪ ǫ y may be accelerated in LPAs using highly asymmetric transverse laser modes (to create asymmetric focusing forces), in the following we will consider round beams σ * x = σ * y = σ * . In addition to removing the need for highly asymmetric laser modes, using round beams removes the need for damping rings to produce asymmetric emittances and greatly reduces the alignment tolerances at the final focus.
In terms of the beamstrahlung parameter (and assuming negligible disruption), the average number of emitted photons per electron is [10] n γ ≈ 2.54
which characterizes the background level in the detector. The average fractional energy loss 4 from beamstrahlung is [10] 
which describes the broadening of the luminosity energy spectrum. Equations (3) and (4) assume a Gaussian bunch. For high energy physics experiments it is desirable to minimize Eqs. (3) and (4) . For example, the proposed 3 TeV Compact Linear Collider (CLIC) design considers n γ = 2.1 with the a beamstrahlung-induced relative energy loss of 28% [11] .
The next generation linear colliders with U cm 1 TeV will most likely operate in the quantum beamstrahlung regime with Υ ≫ 1. In the quantum beamstrahlung regime Υ ≫ 1, the average number of emitted photons per electron and the fractional beamstrahlunginduced energy loss are
and
respectively. Using Eq. (2), the number of beamstrahlung photons per electron and the average relative energy loss scale as [12] 
in the regime Υ ≫ 1. As Eq. (7) indicates, beamstrahlung effects are reduced by using shorter bunches and smaller charge per bunch. Plasma-based accelerators are intrinsically sources of ultrashort bunches since the scale length of the accelerating bucket is the plasma wavelength. Reduction in the bunch length for fixed charge is limited by bunch density constraints, i.e., n b n 0 to avoid the blow-out regime [13] and the resulting strong beam self-focusing and emittance growth [14] . For a fixed luminosity goal, reduction in charge per bunch to control beamstrahlung must be accompanied with an increase in the repetition rate f (such that L = constant), and, hence, an increase in the power requirements.
Without additional constraints (e.g., reducing beamstrahlung) the maximum charge that can be loaded into a plasma wave is given by the beam loading limit, N ≤ N BL ∝ n −1/2 . The beam loading limit is determined by the amount of charge required to excite a beam-driven wake that approximately cancels the laser-driven wave, thereby absorbing the plasma wave energy for high efficiency [3, 15] . But, if we assume a fixed number of beamstrahlung photons per lepton produced at the IP (that is acceptable for a given collider detector design), then using Eq. (5) the charge per bunch must be sufficiently small such that
This beamstrahlung constraint is in addition to the beam loading constraint N ≤ N BL .
Therefore, for collider applications with a maximum acceptable beamstrahlung, the bunch charge must be less than the smaller of N beam and N BL . Typically, for high plasma densities (e.g., n 10 17 cm −3 ) the bunch charge is limited by beam loading N ≤ N BL < N beam , and for low plasma densities (e.g., n 10 16 cm −3 ) the bunch charge will be limited by
Using Eqs. (1) and (8), the luminosity per U 2 cm (i.e., the required luminosity for a given center-of-mass energy) scales as
where η = P b /P wall is the efficiency of energy transfer from the AC power source to the beam, ǫ n is the normalized transverse emittance and β * is the IP beta-function. The beam size at the IP will be determined by the achievable emittance injected into the LPA linac and the final focus optics, σ * γ 1/2 = (β * ǫ n ) 1/2 . Limitations on the final focus optics β * , e.g., from synchrotron radiation [16] , imply novel cooling methods at the injector are required for next-generation linear colliders to reduce the transverse emittance. Given fixed ǫ n from the injector, fixed β * from the final focus optics, and fixed n γ from detector constraints, Eq. (9) indicates that short bunches will reduce the required beam power to achieve a luminosity goal [2] . As discussed below, in general, the bunch length will scale with the plasma wavelength
, and hence, for fixed beamstrahlung, higher luminosity per beam power L/P b is achieved by operating at higher plasma densities.
III. PLASMA DENSITY SCALINGS
The basic plasma density and laser wavelength scalings for an LPA accelerator stage were presented in Ref. [6] . In particular, the accelerating gradient scales as E z ∝ n 1/2 , the energy gain per LPA stage scales as U stage ∝ n −1 , the laser energy required to power a single LPA stage scales as U L ∝ n −3/2 λ −2 , the length of an LPA stage scales as L stage ∝ n −3/2 λ −2 and, Total length,
Laser pulse spot size,
Peak laser power (single LPA stage),
for a required beam energy U b , the number of LPA stages in the linac scales as N stage ∝ nλ 2 . Table I shows the basic LPA plasma density and laser wavelength scalings, independent of limitations on the bunch charge. These scalings assume the normalized laser parameters a 0 ,
, where a 0 is the laser strength parameter, τ L is the laser pulse duration, and r L is the laser spot size. With these scalings various operating points may be explored. For example, using these plasma density scalings [6] , various sets of LPA collider parameters were explored in Refs. [6, 7] . In particular, Nakajima et al. [7] considered a low plasma density regime, but neglected to consider IP constraints (e.g., Ref. [7] assumed focused beam sizes at the IP several orders of magnitude below the Oide limit [16] ) and neglected the limitations imposed by beamstrahlung at low plasma density, as discussed in this work.
If we consider fixed beam loading, i.e., energy transfer from the plasma wave to the beam given acceptable beam quality and accelerating gradient, then the efficiency of energy transfer from plasma wave to beam will be constant η pb = NU stage /U L = constant. Using the scalings above, constant beam loading efficiency using a single bunch implies N ∼ N BL ∝ n −1/2 . It should be emphasized that a collider will almost certainly use shaped bunches such that high efficiencies can be achieved without energy spread growth [15] .
Also, to avoid dephasing limitations to the energy gain requires tapering the plasma [17] .
Avoiding dephasing by tapering will greatly improve the efficiency of energy transfer from the Bunch duration,
Beamstrahlung photons per electron, n γ n −1/2
Laser repetition rate, f L n Average Laser power, P avg n −1/2 λ −2
Total AC power, P wall n 1/2 laser to the beam η Lp η pb by increasing the effective laser-plasma interaction length (thereby increasing the efficiency of energy transfer from laser to plasma wave η Lp ). Without tapering, the efficiency of the LPA in the quasi-linear regime will be poor owing to dephasing [18] .
Beam loading considerations indicate, for fixed loading of the plasma wave, that (n b /n 0 )k p σ z = constant, where n b is the beam density, and k p σ r = constant, where σ r is the beam radius in the accelerator. Hence, for fixed ratio of beam density to plasma density n b /n 0 , the bunch length scales as σ z ∝ k
In the present concept, the focusing forces acting on the beams originate from the transverse laser-driven wakefields in the plasma. It should be noted that the beam radius σ r can be controlled by controlling the transverse wakefields using shaped transverse laser intensity profiles in the quasi-linear regime [19] . Independent control of the transverse focusing and longitudinal accelerating forces and, hence, the beam radius, in the LPA is critical for control of emittance [20] . With the plasma density scalings for the bunch charge and length set by beam loading, the average number of emitted photons per electron and the average relative energy loss Eq. (7) scale as
indicating reduced beamstrahlung effects at higher plasma density. 
If the amount of beamstrahlung that can be tolerated at the IP is constrained (e.g., n γ ≃ 2), then the luminosity obtained per beam power expended, from Eq. (1), scales as L/P b ∝ n 1/4 , indicating higher plasma density (short beams) is preferable for fixed beamstrahlung background and beamstrahlung induced energy spread. Operating below the beam loading limit to reduce beamstrahlung effects greatly reduces the efficiency of the LPA. In the beamstrahlung-limited regime (N beam < N BL ), for a single bunch, the efficiency scales as
. Column I in Table III shows the basic plasma density scalings in this beamstrahlung-limited regime, assuming single-bunch operation and σ z ∝ λ p .
The poor efficiency scaling results in the required AC power increasing dramatically with decreasing plasma density P wall ∝ 1/n (assuming constant laser efficiency, as discussed in
Sec. III B).
In addition to reducing the bunch charge, beamstrahlung effects may also be mitigated by using shorter beams. Using shorter bunches is limited by bunch density constraints to avoid the blow-out regime [13, 14] , but as the bunch charge is reduced below the beam loading limit, the bunch length may be reduced proportionally such that N/σ z = constant.
Injecting proportionally shorter bunches into the LPA will allow more charge per bunch for fixed beamstrahlung, and therefore improved efficiency. If the bunch length is reduced proportionally to the bunch charge (i.e., fixed ratio of beam density to plasma density n b /n 0 ), Eq. (8) indicates that the bunch charge is independent of the plasma density, and, hence, the efficiency of energy transfer between the plasma wave and beam scales as η pb = N beam W stage /U L ∝ n 1/2 . Again, this indicates the advantage of using higher plasma densities.
Also note that Υ is fixed for N/σ z = constant [cf. Eq. (2)]. Column II in Table III shows the basic plasma density scalings in the beamstrahlung-limited regime, assuming single-bunch operation and fixed n b /n 0 . The efficiency scaling η pb ∝ n 1/2 , results in the required AC power scaling P wall ∝ n −1/2 (assuming constant laser efficiency). The efficiency scalings, and, hence, total power requirements shown in Columns I and II of Table III prohibit operating at low Bunch duration,
Average power,
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Total AC power, P wall n −1 n −1/2 n −1/4 1 densities in the beamstrahlung-limited regime using a single bunch, and indicate the need to consider multi-bunch trains.
The plasma to beam efficiency can be greatly improved in the beamstrahlung-limited regime (N = N beam < N BL ) by using multiple bunches behind the laser. If one considers multiple bunches loaded in the plasma wave such that the total charge in the multi-bunch train is equal to the beam loading limit, with M b = N BL /N beam the number of bunches, then the maximum LPA efficiency can be recovered and the beam to plasma efficiency will then be independent of plasma density. Here we consider multiple bunches loaded behind a single drive laser in the beamstrahlung-limited regime. Note that the ability to use tapered plasmas will be severely limited with multi-bunch operation (resulting in reduced laser to plasma wave efficiency).
In the beamstrahlung-limited regime, assuming multi-bunch operation, with fixed IP focusing and luminosity goal, requires the laser repetition rate
and the average laser power per stage required is (12), the total power required scales as P wall ∝ n −1/4 for σ z ∝ λ p and using multiple bunch trains in the beamstrahlung-limited regime. Assuming fixed n b /n 0 the total power requirements are independent of plasma density and laser wavelength using multiple bunch trains in the beamstrahlung-limited regime. The basic plasma density and laser wavelength scalings in the beamstrahlung-limited (N beam < N BL ) regime using multi-bunch trains are shown in Table III , Columns III (with σ z ∝ λ p ) and IV (with constant n b /n 0 ).
B. Collider power requirements
It is critical to reduce the operating costs of any future collider, and one option for reducing the cost is to reduce the required AC power for the collider. The total AC power required to power the linacs is
where N stage is the number of stages in one linac, plasma density is where N beam ≃ N BL . Also when employing multi-bunch trains, it is clearly advantageous to operate at the density where N beam ≃ N BL , since there is no reduction in total power cost by operating at lower plasma density, and there are the disadvantages of lower accelerating gradients E z ∝ n 1/2 and larger laser systems U L ∝ n −3/2 . Figure 1 shows an example of the total AC power requirements versus plasma density for a 1 TeV center-of-mass collider with σ 2 * = 100 nm 2 , L = 2 × 10 34 s −2 cm −2 , and η = 6%. In the beamstrahlung-limited regime both single bunch (solid curves) and multi-bunch (dashed curves) operation (with fixed n b /n 0 ) are shown in Fig. 1 . Here the total efficiency assumed η wL = 30%, η Lp = 50%, and η pb = 40%. The total AC power required versus plasma density for the constraints n γ = 1, n γ = 2, and n γ = 3 was considered in Fig.1 . Using Eq. (7), this corresponds to beamstrahlung-induced average fractional energy loss of δ b ≃ 28%, δ b ≃ 57%
, and δ b ≃ 86%, respectively. As indicated by Fig. 1 , for these parameters, the total wall-plug power is minimized for plasma densities of a few 10 16 cm −3 to a few 10 17 cm −3 for single bunch operation, depending on the beamstrahlung that can be tolerated at the IP.
It should be noted that Fig. 1 assumed σ 2 * = 100 nm 2 and η = 6%. If, for example, the injector for such a collider is able to produce lower emittance beams such that σ 2 * = 25 nm 2 is achievable, then, as Eq. (9) indicates, for fixed beamstrahlung, the power requirements shown in Fig. 1 would be reduced by half. Also, if laser technology enables greater efficiencies such that η wL > 30%, then the power requirements shown in Fig. 1 would be reduced proportionally. Figure 1 assumed a constant laser efficiency η wL for every operating plasma density. In general, operating at different plasma densities requires different laser characteristics (e.g., laser pulse duration τ L ∝ n −1/2 , laser energy U L ∝ n −3/2 , etc.) that may require different laser technologies with varying efficiency. For example, fiber lasers (coherently combined) are considered to be a candidate laser technology for high-peak and high-average laser power generation [21] . Using fiber lasers [22] , higher efficiencies (∼30%) are achieved near cwoperation, while the efficiency drops significantly at lower ( 10 kHz) repetition rates. At high laser pulse repetition rates (> 10 kHz), the rate is sufficiently fast compared to the upper-state lifetime of the rare-earth ions in the glass fiber so that little power is lost to amplified spontaneous emission (ASE) between pulses. However, as the repetition rate is reduced progressively below 10 kHz, ASE losses reduce the laser system efficiency. This is, in general, true of any solid state laser system. Hence, if solid-state laser technology is employed, then higher laser efficiencies are achieved by using higher repetition rates, i.e., LPA operation at higher plasma density. Table IV shows three illustrative examples of collider parameters with beamstrahlung fixed at n γ ≤ 2. The high density (n = 10 17 cm −3 ) option shown in Table IV The stage length listed in Table IV comprises the plasma length and the laser coupling distance from final optic to the plasma (see Ref. [6] for a discussion on optimization of the stage length). The plasma considered here consists of a preformed plasma channel for optically guiding the short-pulse laser [3] . The required laser coupling distance to the final optic increases with decreasing density; using conventional optics, to avoid damage on the optic (e.g., a fluence F 1 J/cm −2 for sub-ps pulses), the required laser coupling distance is hundreds of Rayleigh ranges,
such as the use of plasma mirrors [23] , are actively being researched.
Note that the illustrative examples shown in Table IV are not optimized. For example, since the total power required is independent of density with multi-bunch trains, it is more advantageous to operate at higher density (with higher accelerating gradients, smaller lasers, etc.) with the same total power requirements. As shown in Fig. 1 , operating at n = 5.8 ×
10
16 cm −3 achieves the same collider parameters (luminosity, center of mass energy, and beamstrahlung at the IP n γ = 2) with the same total power required as operating at n = 2 × 10 15 cm −3 (cf. dashed curve in Fig. 1 ), while achieving a higher accelerating gradient and using smaller laser systems.
IV. SUMMARY AND CONCLUSIONS
In this work we have considered the influence of IP beam-beam interaction constraints on the basic plasma density scalings for a linear collider based on laser-plasma accelerators. The maximum charge in a single bunch is limited either by beam loading or by beamstrahlung.
At high plasma densities, the single bunch charge is limited by beam loading and the required AC power scales as P wall ∝ n 1/2 , as was previously discussed in Ref. [6] . Operating at low plasma density increases beamstrahlung effects n γ ≃ 0.35δ b ∝ n −1/2 for Υ ≫ 1, owing to the high bunch charge and longer bunch length at lower plasma density. Beamstrahlung can be constrained for fixed luminosity, at the cost of using smaller charge per bunch at higher laser repetition rate and, hence, higher power requirements. If the bunch charge is limited by beamstrahlung, then the required AC power scales as P wall ∝ n −1/2 using single bunches.
Multi-bunch operation may be considered for improved efficiency in the beamstrahlunglimited regime. If the collider is constrained by beamstrahlung then the required AC power is independent of plasma density using multiple bunch trains. Since the AC power is independent of plasma density using multi-bunch trains in the beamstrahlung-limited regime, there are significant advantages to operating at higher density where N beam ≃ N BL and the required beam energy and luminosity can be achieved, within the constrains of beamstrahlung, at the same total power cost, but with higher accelerating gradients and smaller laser systems.
In this work we considered round beams. Flat beams may also be employed in LPAs to reduce beamstrahlung, but using flat beams requires the use of highly asymmetric laser modes for matched beam propagation, as well as LPA injectors compatible with damping rings for asymmetric emittance generation and significantly more challenging alignment For high energy colliders (≥ 1 TeV) there is a significant probability of coherent pair production during the beam-beam collision, which can be an important source of detector background [24] . In the limit Υ ≫ 1, the average number of electron-positron pairs created per primary electron is [10] n e + e − ≃ 0.295 α 2 σ z r e γ (A.1)
